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1 INTRODUCTION

1 Introduction

We may say that one of the main objectives of the kinetic theory is to describe the macro-
scopic properties of gases — like pressure, temperature, thermal conductivity, viscosity,
diffusion, etc. — from microscopic quantities that are associated with the molecules which
compose the gases — like mass, velocity, kinetic energy, internal degrees of freedom and
interaction forces between the molecules.

The foundations of the modern kinetic theory of gases were established in 1867 by
James Clerk Maxwell (1831-1879) who proposed a general transport equation for arbi-
trary macroscopic quantities associated with mean values of microscopic quantities. This
equation of transport relates the time evolution of a macroscopic quantity with the motion
of the molecules, collision between the molecules and action of external forces. Although
the theory was valid for any molecular interaction potential, Maxwell could only deter-
mine the transport coefficients of shear viscosity, thermal conductivity and diffusion by
assuming that the interaction potential was derived from a repulsive force which was in-
versely proportional to the fifth power of the relative distance between the molecules.
Nowadays this type of potential is known as Maxwellian potential. The kinetic theory of
gases gained a new impulse in 1872 with the work by Ludwig Eduard Boltzmann (1844-
1906), who proposed an integro-differential equation — the Boltzmann equation — which
represents the evolution of the velocity distribution function in the phase space spanned
by the coordinates and velocities of the molecules. In the Boltzmann equation the tempo-
ral change of the distribution function has two terms, one of them is a drift term due to
the motion of the molecules while the other one is a collision term related to encounters
of the molecules. Based on this equation, Boltzmann proposed the so-called ‘H function
which decreases with time or remains constant. The identification of this function as the
negative of the gas entropy gave a molecular interpretation of the increase of the entropy
for irreversible processes. Furthermore, Boltzmann in the same work presented a rigorous
deduction of the Maxwellian distribution function.

From the Boltzmann equation one could determine the velocity distribution function
hence the transport coefficients of rarefied gases, however this task was not so easy. Indeed,
it took almost forty years after the proposition of Boltzmann equation, for David Hilbert
(1862-1943) to show how one could get an approximate solution of the integro-differential
equation from a power series expansion of a parameter which is proportional to the mean
free path. Further advances were due to Sydney Chapman (1888-1970) and David Enskog
(1884-1947) who — in the years 1916 and 1917 — calculated independently and by different
methods the transport coefficients for gases whose molecules interact according to any kind
of spherically symmetric potential function. Another method derived from the Boltzmann
equation was proposed in 1949 by Harold Grad (1923-1986) who expanded the distribution
function in terms of tensorial Hermite polynomials and introduced balance equations
corresponding to higher order moments of the distribution function.

The aim of these notes is to discuss the methods of Chapman-Enskog and Grad with
an applications to granular gases.

(a) Cartesian notation for tensors is used with Latin indexes i, j, k, ... — which may range
from 1 to 3 — denoting the three-dimensional system of spatial coordinates x, v, z;

(b) Einstein’s summation convention over repeated indexes is used, for example, T;;v; =

3 .
Zj:l Tijv;;
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2 BOLTZMANN AND BALANCE EQUATIONS

(c) Parentheses around the indexes denote the symmetric part of a tensor, brackets its
antisymmetric part while angular parentheses refer to its traceless symmetric part, for
example,

1 1 1
Ty = 5T + T), Ty = 5Ty = Tia), - Tagy = Taag) — 5Ter0is-

Above, d;; is Kronecker’s symbol and the traceless tensor Tj;; is called tensor deviator.

2 Boltzmann and Balance Equations

We consider a monatomic rarefied gas with N molecules enclosed in a recipient of volume
V', where a molecule is specified as a point in a six-dimensional phase space spanned by its
coordinates x = (1, 2, 23) and velocity components ¢ = (¢q, ¢2, ¢3). The state of a gas is
characterized by the one-particle distribution function f(x,c,t) such that f(x,c,t)dxdc
gives at time ¢, the number of molecules in the volume element with position vectors
within the range x and x + dx and with velocity vectors within the range ¢ and c + dc.

An elastic binary collision is characterized by the conservation laws of momentum and
kinetic energy, namely,

_ / / 1 2 1 2 _ /2 1 /2
mc + mc; = mc' + mci, gme + gme = gme + 5™mer, (1)

where (c,cp) refer to pre-collisional velocities and (c’, c}) to post-collisional velocities of
two molecules. The subindex 1 is used in order to distinguish two identical molecules that
participate in the collision. The relative velocity is denoted by g = c¢; — ¢ and the energy
conservation law implies that g = ¢'.

The space-time evolution of the one-particle distribution function in the phase space
is governed by the Boltzmann equation, which in the absence of external forces, reads

or ot —/(f{f/—flf)gbdbdgdcl. (2)

ot ox

We note that it is a non-linear integro-differential equation for f(x,c,t). The right-hand
side of the Boltzmann equation is related to the collisions of the molecules through the
product of two distribution functions. The relative motion of the molecules is characterized
by the impact parameter 0 < b < oo and by the azimuthal angle 0 < ¢ < 27 (see
Figure 1). Furthermore, the following abbreviations were introduced f' = f(x,c/,t), f| =
f(X, C,1>t>7 f = f(XaC>t>7 fl = f(Xv Clvt)'

The multiplication of the Boltzmann equation (2) by an arbitrary function ¢ =
(x,c,t) and the integration of the resulting equation over all values of the velocity
components c leads to

) ) o Wl [,
E/l/ffdc‘l‘ 8xi/¢cifdc_/ [Eﬂia@] de—/(@D — ) f1f gbdbdede, de

— %/(1?14‘2/1—1%—1/’/)(f{f/—flf)gbdbdgdcldc’ (3)

where the two equalities in the right-hand side of the above equation where obtained from
the symmetry properties of the collision operator.

-4 RTO-EN-AVT-194



2 BOLTZMANN AND BALANCE EQUATIONS

Direct collision g = ¢, - ¢

Collision plane

Figure 1: Geometry of a binary collision.

From the analysis of the last equality in the right-hand side of (3) we may infer that
it vanishes for any kind of distribution function f when ¢; + ¢ = ¢| +¢’. A function v
which fulfills such condition is called a summational invariant. A summational invariant
is given by a linear combination of the conservative quantities: mass, linear momentum
and energy, and is expressed by ¥(c) = A+ B - c + Dc? where A and D are two scalar
functions and B a vectorial function, all of them being independent of c.

In kinetic theory a macroscopic state of a gas is characterized by quantities that are
defined in terms of the distribution function f(x,c,t). Firstly, based on the microscopic
quantities of the gas molecules as mass m, linear momentum mec; and energy mc?/2 we
define the mass density o, the momentum density pv; and the total energy density ou of
the gas, namely,

2

g:/mf(x,c,t)dc, Qvi:/mcif(x,c,t)dc, Qu:/%f(x,c,t)dc. (4)

If we substitute the molecular velocity in (4)3 by the peculiar velocity C; = ¢; — v; — such
that [ 'mC;fdec =0 — we obtain

1 1
ou = 5@112 + e, where e =3 /mCQf(x, c,t)dc. (5)
Hence, the total energy density of the gas is given by a sum of its kinetic energy density
ov?/2 and its internal energy density ge.
We define the moment of the distribution function of order N by

Divig..iy — /mChC’,-Q e CZ'Nf(X, C, t) dC, (6)

which represents a symmetric tensor of order N with (N+1)(/N+2)/2 distinct components.
The zeroth moment represents the mass density, the first moment vanishes and the
second moment, known as the pressure tensor, reads

Dij = /mC’iij(x, C, t)dC (7)
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2 BOLTZMANN AND BALANCE EQUATIONS

We denote by p(;; the pressure deviator, which represents the traceless part of the pressure
tensor. It is given by

Pijy = Pij — %prraija with b= %prr = %/m02f(x> C, t) dC, (8>
representing the hydrostatic pressure of the gas. The internal energy density pe, given
by (5)s is related to the hydrostatic pressure by p = 20e/3. The equation of state of an
ideal gas is given by p = nkT where k, n = o/m and T denote the Boltzmann constant,
the particle number density and the temperature of the gas, respectively. Hence, we can
obtain the following expression for the temperature of a monatomic gas written in terms
of the distribution function:

:% —— /m02 f(x,c,t)dc. 9)

The heat flux vector is defined as the contracted third order moment
g = pm = /mCQC’f x,c,t)dc (10)

and the moments of higher order do not have specific proper names.

We obtain the balance equations for the moments of the distribution function from
the transfer equation (3) by choosing ¥ (x, c,t) equal to:
(i) Balance of mass density (¢ = m):

% + %ii”’ — 0, (11)
(ii) Balance of momentum density (¢ = mc;):
8@9;% + aixj(gvivj + pij) =0, (12)
(iii) Balance of total energy density (1 = mc?/2):
S S bl a0 o

(iv) Balance of Nth order moment (¢ = mC;,Cy, ... Ciy):

ODivis..i 0 N OPin)k
181 o+ D (Divia..ink + Pivin.inVk) — Ep(ilig‘..igv_la—.;jk

Vi)

+ Npk(zlzz AN_1 ax - Pilig...iN' (14>

The above equation was obtained by eliminating the time derivative of the hydrodynamic
velocity v; by the use of (12). The parenthesis around the indexes indicate a sum over all
N! permutations of these indexes divided by N!. Furthermore, the production term due

to the molecular collisions F; ;, ;, reads
1112 AN /m C, Gl . —C“OZQCZN)fflgbdbdgdCdcl (15)
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3 CHAPMAN-ENSKOG METHOD

If we subtract from the balance equation of the total energy density (13) the mo-
mentum balance equation (12) multiplied by the bulk velocity v;, we obtain the balance
equation for the internal energy density, namely,

doe 0

ot oz

8vi
<Q€Ui + Qi> +pij8_xj =0. (16)

3 Chapman-Enskog Method

First let us introduce the dimensionless variables

t* =t/t., x*=x/L., c*=c/¢, g-=g/g, b*=0b/d, " =¢/m, = f/fe

(17)
where d denote the molecular diameter, ¢ = /8kT /mm the mean thermal velocity, and g =
V/2¢ the mean relative velocity. Furthermore, the characteristic value for the distribution
function f,. is equal to n/c® where n represents the particle number density of the gas and
t. and L. are a representative time and length that characterize the fluid flow. By taking
into account the dimensionless variables (17), the Boltzmann equation (2) can be written

as
af*
ot

In the above equation we have introduced the Strouhal number Sr and the Knudsen
number Kn which are defined by

*af* _ 1 */ X/ * L* * 1k * * *
Sr +c it~ Kn /( V= T ) gt b db* de* dc. (18)

~

Sr=—, Kn=—, (19)

te L,

Al

where [ = 1/\/§7rd2n is the mean free path.

The Knudsen number is related to the degree of rarefaction of a gas. When Kn < 1
the molecular collisions are very important, the distribution function is determined by the
collision term of the Boltzmann equation and the gas is described by a continuum regime.
Otherwise, when Kn > 1 the molecular collisions become negligible, the distribution
function is determined via a collisionless Boltzmann equation and the regime of the gas
is known as free molecular flow.

In the method of Chapman-Enskog the distribution function f is expanded as

f=fO0 L AFMD L A2 4= ZATf(T)’ (20)
r=0

i.e., in power series of a parameter A which is of order of the Knudsen number. The
distribution functions £, f) and f® represent the first, second and third approximation
to the distribution function, and so on. The parameter A can be set later equal to unity,
so that the proper dimensions of the Boltzmann equation are restored. Moreover, the
approximations must satisfy the constraints

/W(”dc =0, V> 1, (21)

RTO-EN-AVT-194 9-



3 CHAPMAN-ENSKOG METHOD

where 1) represents the summational invariants m, mc; (or mC;) and mc?/2 (or mC?/2).
If we insert the series expansion of the distribution function (20) into the definitions
of the pressure tensor and of the heat flux vector we obtain

1 - & -
pi = Oy / mC%fOdc + / mCuCy Y A" fde =poy; + > A'pfl),  (22)
r=1 r=1
qi:/%@aZNW%:zMWW (23)
r=1 r=1

The parameter A is introduced into the collision term of the Boltzmann equation (2),
yielding
of 1
Df+Cim—=-9(f, ), 24
J+ Cigm =1 QLS (24)
where D = 0/0t 4 v;0/0x; denotes the material time derivative. In (24) the collision term
was expressed in terms of an integral for a bilinear quantity

1

The material time derivative, like the distribution function, is also expanded in power

series as
oo

D=D0+AD1+A2DQ+...:ZNDT, (26)
r=1
and the insertion of the expansions (22), (23) and (26) into (11), (12) and (16) lead to
the following decomposition of the balance equations

v
Dog+ogt = 0, Do=0 (Vr>1), (27)
(r)
dp 0Py
Dov; = 0, Do, +—+=0 (Vr>1), 28
Qov+axi 0 v+8xj (Vr ) (28)
3 ov; 3 dq" ) O
—nkDyT = —nkD,T + —— . = >1). 2

We can now obtain the integral equations for the approximations of the distribution
function by the inserting the expansions (20) and (26) into the Boltzmann equation (24)
and equating equal powers of A. Hence, it follows

Q(f 9 = o, (30)

(0)
20 (70, ) = DofO+ A (1)
1 afm
20 (£, 7¥) + @ (F, ) = Do +DfO 4 €, (32)

8.1'1‘ ’

and so on. The above equations represent the three first integral equations for f(©, f(1)
and f® respectively.

-8 RTO-EN-AVT-194



3 CHAPMAN-ENSKOG METHOD

For the determination of the first approximation to the distribution function f© from
the integral equation (30) we note that its solution is given by f/(* f{(o) = fO fl(o) or
In /@ +1n f1© = 1n £O +1n £, Hence, In f© is a summation invariant so that it must
be represented by In f© = A+ B . C+ DC?. If we insert this representation for f© into
the definitions of the mass density (4);, hydrodynamic velocity (4), and temperature (9)
we obtain the Maxwellian distribution function, namely,

3
3
O =p (é> e P where g = Qk

™

- (3)

For the determination of the second approximation f) we write f = f©¢ and the
integral equation (31) reduces to

© (0 — o)L AP a}
70 - ) oo

_ /f ) (¢ + & — b — 6) gbdbde dey, (34)

by eliminating the material time derivatives through the use of (27);, (28); and (29);.

The general solution of the integral equation (34) is given by a sum of the solution
of the homogeneous integral equation plus a particular solution of it, i.e., ¢ = ¢p + @,.
The solution of the homogeneous integral equation Z[¢y,] = 0 is a summational invariant
én = a1 +a’C.+a3C? where a; and az are scalar functions, while o2 is a vector function,
all of them do not depend on the peculiar velocity C.

The particular solution of the integral equation is expressed as a linear combination
of the temperature gradient and of the velocity gradient deviator, namely,

A; OT G

o= o~ B

(35)

where A; and B;; denote a vector function and a tensor function of (C, g, T'), respectively.
It is easy to show that the representations of the vector and tensor functions in terms
of the peculiar velocity C are given by A; = A*C; and B;; = BC;C;, where the scalar
functions A* and B depend only on (C?, 9, T).
Hence, the solution of the non-homogeneous integral equation (34) is given by
C; 0T

0= o,

Ja +Oz1+a0+a302 (36)

The second approximation f) = f(©¢ must satisfy the constraints (21) which imply
the following restrictions

3kT 5kT *oT
041+7043:07 a1+7a320, /mC’2 [_i_+ ] f(o)dC:O- (37)

From the two first equations we may infer that a; = a3 = 0, whereas the last equation
implies that aJQ- must be proportional to 97'/0x;. By writing the proportionality factor of
af as a/T, the constraint (37)s reduces to

/ C?AfOde =0, (38)

RTO-EN-AVT-194 9-



3 CHAPMAN-ENSKOG METHOD

with A = A* — a being a new scalar function of (C?, 0, T).
Hence, from the above results we may write the distribution function (20) — up to the
second approximation and with A =1 — as

(39)

A oT A
T "0z,

F= 100+ 0) = 10 {1- 2o 0T - 20800,

Now the scalar coefficients A and B in the distribution function (39) can be obtained
as solutions of the integral equations that follows from (34), namely,

FO {502 — g] C;=-I[AC)],  f9C,Cy = —I[BC,Cy). (40)
In order to solve the integral equations (40) the scalar coefficients A(C?, o, T) and

B(C? 0, T) are expanded in series of Sonine polynomials. The Sonine polynomials of
order n and index (I 4+ 1/2) in the variable C? = mC?/2kT are defined by

I(n+1+3/2)
l+1/2 502 Z k' n _ 'F k+l+3/2)(_602)k7 (41>

and obey the orthogonality conditions

%F(TH—Z+3/2)6m07 (49)

n!

/0 —BCQ CQH—Qs[(Il/Q(602>Sl(£)1/2(602)ﬁl+3/2d0 _

where I'(n) denotes the gamma function. The first three Sonine polynomials read

3

S\ p(BC?) = 1, Sin(BC%) =1+ 5 = BC%, (43)

@ ge?y = (122143 = (14 2\ s + Lo
Si(BC7) = 2(l+ 2) <l+ 2) (l+ 2>BC + 25 c*. (44)

The integral equations (40) in terms of the Sonine polynomials become
FOSBCHC =T[AC],  fOSH(BC?CLCl = T [BCLC)] . (45)
Moreover, the expansions of the scalar coefficients A(C?, o, T) and B(C?, o, T) in series of

Sonine polynomials are written as

[e.9]

A(C*,0,T) = = Y a8 (5C%), Zb GR(BCY. (46)

r=0

In the above equations, the scalar coefficients a(™ and b") are only functions of (o, T),
and from this point on, the dependence of the Sonine polynomials in the variable 3C? is
omitted.

The coefficient A must satisfy the constraint (38), hence by using its representation
(46),, we get

r B2 3
0_/02 Za(r 3/2 C_47m< > Z 7n)/ 53/2 3/)204 dC = 2; a,

(47)

-10 RTO-EN-AVT-194



3 CHAPMAN-ENSKOG METHOD

due to (42) and (43);. From (47) it follows that a(®’ = 0 and the scalar coefficient A
reduces to

A(C?,0,T) == a8, (48)
r=1

Now the insertion of the expressions (48) and (46)2 into their respective integral equations
(45), yields

[e.9]

e Z T[sia].  FOsDCcy = =3 BT [scacy] . (19)

r—1 r=0

In order to determine the coefficients a™ e b(") from (49) we proceeds as follows. First
we multiply the integral equation (49); by 553 /QCi and integrate the resulting equation
over all values of C. By using (42) we obtain

15n 4, rs) - (s) r E
Zﬁg 1 ) — Za where = ﬁ/ 3/)201- S§/2 ]dC (50)

In the above equation 6" represents Kronecker’s symbol. Following the same method-
ology, we multiply the integral equation (49)y by BZSE()‘;)Q «Cjy, integrate the resulting
equation and get

. 625“”) Zﬁ” 9 where ) = — / SypCaCHIISSHCHChldC.  (51)

The integrals in (50)2 and (51); depend on the molecular interaction potential and on the
fields (o, T'). Moreover, from the condition [ ¢Z[¢]dc = [ ¢Z[p]dc — which is valid for all
arbitrary functions ¢(x,c,t) and ¢(x,c,t) — we may infer that

o™ =aln) g0 = g and ol = a0 <. (52)

We conclude that (50); and (51); represent an infinite system of algebraic equations
for the coefficients a(™ and b respectively.

To obtain the constitutive equations for the pressure tensor and for the heat flux
vector we proceed as follows. First, we insert the non-equilibrium distribution function
(39) together with the representations of A and B — given by (48) and (46)2, respectively
— into the definitions of the pressure tensor and heat flux vector and get

ov

)a pdC (53)

= /mC’iC’jfdc = poij _/QmﬁC’iC’jSé%f(o)ZbT)Sé;)QC Cy
r=0

m T'
o [1canen [ gyt st] oS o

In (54) we have used the relationship SC? = [5 S?(f/))2 S?E})Q} which follows from (43)s.

Next, the substitution of the Maxwellian distribution function (33) into (53) and (54) and

RTO-EN-AVT-194 9-11



3 CHAPMAN-ENSKOG METHOD

the subsequent integration of the resulting equations over all values of C, yield

v

pij = poij — Q,Ua ( where
8T

¢ = —A—, where
83:'2-

thanks to the orthogonality condition of the Sonine polynomials (42).

i

A

_ 230
35" (55)
_ 5k o (1)

Equations (55);

and (56); are the mathematical expressions for the laws of Navier-Stokes and Fourier,
with g and X\ representing the coefficients of shear viscosity and thermal conductivity,

respectively.

We note from (55)s and (56), that the transport Coefﬁcients of shear viscosity and

thermal conductivity are functions only of the coefficients a(*

) and b, respectively. We

can obtain these coefficients from the system of equations (50); and (51);, which can be

written as

W _ iy An © _ '
M. U TMB,, o7
where
15 n (1,2) (1,m)
# “ AR CED)
0 a®? 2m)
Al =det| , A =det| 0 (B8)
: : : (n,1) (n,n)
0 a2 o) @ @
%% 5(0’1) B(O’n) B(O’O) 5(0,71)
o p&b . pln
B, =det| . _ , , B,,,, = det : : (59)
: : SR (n,0) (n,n)
0 B(ml) 5(%) p B

The coefficients ¢ and v

follow from (58) and (59) through a method of successive

approximations, where the approximation of order p for the coefficients a(*) and »©® —

denoted by [aV], and [b(V],
approximations for the coefficients a(V e b® are
15n 1
Wh= T W=
2,2
], = 21 a®? B0, =
4 52 (1L,1) (2,2) _a(12)

—is given by the sub-determinant of order p. The first two

The integrals o™ and B are given in terms of the collision integrals

§ 9 0072 .
(2(1’):/0v /0 67"}/2+3(1

on 1
5@5(0’0) ) (60)
5 (1,1)
n B . (61)
232 [0.0)511) — 5(0,1)
— cos' x) bdbdy, (62)

where x = arccos(g’ - g/g?) is the scattering angle and v = \/3/2 g represents a dimen-

sionless relative velocity.

The determination of the integrals o™ and 5 is not an easy task. As an example,

let us compute the integral 500

). For its calculation a change of the integration variables

-12
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3 CHAPMAN-ENSKOG METHOD

is performed by replacing the velocities C and C; by the relative velocity g = C; — C and
by the center of mass velocity G = (C; + C)/2. The linear momentum conservation law
implies that G’ = G and the Jacobian of the transformation of the volume elements has
modulus equal to one so that dCdC; = dgdG. In terms of the new variables the integral
reads

2 3
B0 — /C’<,~C'j>I[C<,~C'j>]dc — % (é) /6—25026_§g2

T
1
X (G<iGj) - G(igj) + Zg(igj)) (921'9;‘) - 9<i9j>) gbdbdedgdG. (63)

The integration of (63) with respect to G and ¢ leads to

2 3

BO0) — ™ (5 /6_292 (0082 X — 1) ¢’ bdbdg, (64)
4 27

If we introduce the dimensionless relative velocity v = //2g, the integration of the

above equation with respect to the angles of g leads to

50O — _ /72 (%) 2 QG2 (65)

where Q22 denotes the collision integral defined by (62).

5 5
By introducing the integrals o™ = %ﬁa("s), and A" = %ﬂ B9) we can obtain

in the same way the following expressions in terms of the collision integrals Q")
7
(22

= —Q2 — 73 L 0CY | (66)

albl) — 402, all2) — 7022 _90@3), ¢ .

301 S22 2,3 24) _ (22), 99 (11
ﬁQ( ) —70@3) L oY = of H—ﬁaﬁ ),
(67)
As was pointed out the coefficients b® and a") are determined through a method of
successive approximations, so are the transport coefficients ¢ and A. Hence, it follows
from (60), (61), (55)2 and (56), that the two first approximations to the coefficients of

shear viscosity and thermal conductivity read

5 [mkT 1 7k [mkET 1
[:u]l = Z - ﬂ(o’o)’ P‘]l = 16m T 04(1’1)’ (68>

* *

= [mkT gy X, = Tk [mkT a®? (69)
=4\ % 500 50D g0 2= 16m\V x Q2D _ Q127

(171
ay T *

B = o), B0 = oD, Y =

Now from (68) and (69) we can build the ratios

2 -1 2 -1
&—§c e _ 1_£ > 1_’(*0—71) _ (70)
W 277 A a{Mal>? gOVBIY | [l
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4 APPLICATION OF CHAPMAN-ENSKOG METHOD TO GRANULAR GASES

We may infer from (70); that the ratio of the first approximations to the coefficients of
thermal conductivity and shear viscosity of monatomic ideal gases is equal to 5¢,/2 for
all types of spherically symmetrical molecular interaction potentials, where ¢, = 3k/2m is
the specific heat at constant volume. Furthermore, from the relationship (70), it follows
that [Aa/[u]e > [A1/[n]1 = 5ey/2, ie., the ratio of the second approximations is larger
than the ratio of the first ones.

For a hard-sphere potential the impact parameter is given by b = dcos(x/2) with
0 < x <, so that the collision integral Q3" becomes

> 1 d’ . (2r+4
Qe = / TS - didy = —T . 71
T ddy =5 5 (71)
Hence, it follows from (66) and (67) that
allh) = gOO — 442 412 = gD — g2 22 = t—5d2, B = %dQ, (72)

and the two first approximations (68) and (69) to the coefficients of shear viscosity and
thermal conductivity for the hard-sphere potential read

5 [mkT [\, 5 (1], 205 N, 45
- =2, 22=2"x1014851, 2 ="~ 1.022727.(73
T e R S A N, u (73)

We note that the second approximations to the transport coefficients is a small correction
to the first ones, so is the ratio [A|a/[u]2 &= 1.007 7T61[\]1/[]1-
The fifth approximations to the transport coefficients for hard-sphere potential are

A
% ~ 1.016 027, & ~ 1.025197.

1l (AL

—_

4 Application of Chapman-Enskog Method to Gran-
ular Gases

The mechanical energy of a gas is conserved when its molecules undergo elastic colli-
sions and, in this case, the gas relaxes towards an equilibrium state characterized by a
Maxwellian distribution function. However, the inelastic collisions of the gas molecules
transform the translational kinetic energy into heat and the mechanical energy lost im-
plies a temperature decay of the gas. In the literature gases whose molecules undergo
inelastic collisions are known as granular gases. The main premisses of the kinetic theory
of granular gases are: (a) only binary collisions of hard spherical molecules are taken into
account and (b) the energy lost from inelastic collisions is small.

Let us consider the encounter of two identical molecules of mass m diameter d pre-
collisional velocities (c, c1) and post-collisional velocities (¢, ¢}). The momentum conser-
vation law mc+mc; = mc’+mc) holds for inelastic collisions, but the inelastic encounters
are characterized by the relationship (g’ - k) = —a(g - k) which relates the pre- and post-
collisional relative velocities at collision. The parameter 0 < o < 1 — here considered as
a constant — refers to the normal restitution coefficient and k is the unit vector directed

14 RTO-EN-AVT-194



4 APPLICATION OF CHAPMAN-ENSKOG METHOD TO GRANULAR GASES

along the line which joins the molecules centers and pointing from center of the molecule
labeled by the index 1 to the center of the molecule without label. The component of the
velocity perpendicular to the collision vector k does not change in inelastic collisions, so
that k x g’ = k x g. From the momentum conservation law it follows the relationships
which give the post-collisional velocities in terms of the pre-collisional ones, as well as
relationships which connect the relative velocities and their modulus:

1 1
C=ct gk, = (g Kk (74)

g=g-(1+a)g-kk  ¢g*=g¢"-(1-a’)(g k7 (75)

In the case of elastic collisions, @ = 1 and it follows the conservation of the kinetic energy
9=49"

A restitution collision with pre-collisional velocities (c*,c}) that corresponds to the
post-collisional velocities (c, c;) are characterized by the equations

1+« 1+ o
-k)k 1=c¢1 —

where k* = —k and (g - k) = —a(g"* - k).

For the determination of the Boltzmann equation we have to know the transformation
of the volume elements dc} dc* = |J|dc, dc, where the modulus of the Jacobian is given
by |J| = 1/a. Hence, it follows the relationship

cf=c+

(8- k)k, (76)

1
(g" - k*)dc* dc} = E(g -k)dcdcy, (77)

and the Boltzmann equation for granular gases reads

e = [ (= af) @ @ dkdo = Qi(1. ) (78)

Above we have introduced the bilinear form

1

1 1
@@Kﬁz—/(§ﬂﬁﬂjﬁW@—Fﬁ—FQ>&@J@&&% (79)

2
The balance equations for the mass density o, for the momentum density ov; and

for the specific internal energy ¢ = 3kT/2m are obtained from the Boltzmann equation

(78) by multiplying it successively by m, mc; and mC?/2 and integrating the resulting

equations. Hence, it follows

v; - i

2
=0, Du+—-2=0, DT+-——
(?a;i ’ U+a£€j +3 k(

Jq; ov;

D z
ete oz, Pigy.

)+Tg_o (80)

We observe that the balance equation for the temperature (80); has the additional term
T'¢ which represents the energy loss due to inelastic collisions. The coefficient ¢, known
as cooling rate of the granular gas, is given by

d?m(1 — a?)

C= T

/flf(g -k)3dk dc, dec. (81)
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4 APPLICATION OF CHAPMAN-ENSKOG METHOD TO GRANULAR GASES

It is easy to verify from the above equation that the cooling rate vanishes for elastic
collisions where a = 1.

The methodology used to determine the distribution function by using the Chapman-
Enskog method for granular gases is different from the one applied to a monatomic gas
of elastic spherical molecules, since we have to take into account that there exists no
equilibrium state characterized by a Maxwellian distribution function. The first difference,
refers to the decomposition of the balance equations, since they are written as

31)@-
Don = 0 Din=— 82
1 0p
Dov; = 0, Diyv; = ———. 83
oY 1v 00z, (83)
2T Ov;
DT = —T1¢Y DT =-T¢W — ——. 84
The first and the second approximation to the cooling rate in (84) read
o _ dm
¢ W/fl /(g - k)’ dkdc, dc, (85)
d*m(1 — a?)
o — 7" (1 (0) £(1) 13
¢ o [ (050 1) (6 WP dkdende. (50
In terms of the parameter A we write the Boltzmann equation for granular gases (78)
as
1 aof 1
-D e A
TDf +Cigt = 2 Qi ). (87

instead of the representation (24), indicating that the material time derivative and the
collision term are of same order, while the spatial gradients are of higher order.

The two first integral equations for the determination of f(® and f() are obtained by
inserting the expansions (20) and (26) into the Boltzmann equation (87) and equating the
equal powers of A, yielding

OO
DO = Q(f, O),  DufO + Do+ 0

=29;(fV, fO). (88)
In order to determine the first approximation of the distribution function the integral
equation (88); is written as

ar Ql(f(0)7 f(O))7 (89>

through the elimination of the material time derivatives Dy by using (82);, (83); and
(84);. We note that the solution of the integral equation (89) for the distribution function
f© is not a Maxwellian, but we may write f(© as a Maxwellian plus an expansion in
Sonine polynomials of the peculiar velocity, i.e.,

3

FO = fu |1+ Z a, S\ (8C?) ] where  fy =n <ﬁ) ‘ e, (90)

™
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4 APPLICATION OF CHAPMAN-ENSKOG METHOD TO GRANULAR GASES

denotes the Maxwellian distribution function. The scalar coefficients a,, do not depend
on the peculiar velocity C and we suppose that this series expansion converges for large
values of the peculiar velocity. We may approximate the representation of the distribution
function (90) as

FO — fM [1 + a SR + a25<2><502)] where (91)
SP(BCY) =S -60%  SPHCY = 2 - 250+ 01, (92)

If we insert the representation (91) into the definition of the temperature (9) and integrate
the resulting equation we get that a; = 0.

For the determination of the coefficient a; we proceed as follows. First the product of
the distribution functions is written as

FO O _ 2 (ﬁ)36—6(202+922> {1 ta {g 9B (2G2 2)
s 4 2
Z (2G4 + G + %4 +2(G- g)Q)} } (93)

by neglecting all product of the coefficient ay and changing the velocity variables (C, C,)
by the relative and the center of mass velocities (g, G). Next, we multiply the integral
equation (89) by an arbitrary function of the peculiar velocity ¢ (C?) and integrate the
resulting equation over all values of c, yielding

- [uerre™ e = 1 [fuep) +uen)
— (O —p(C)] AV FO & (g k) dkdey de.  (94)

If we choose 1(C?) = 1 and ¢(C?) = C? in (94) the integration of the resulting equations
lead to identities. However, if we choose 1(C?) = C* in (94) and use the relationship

(0>~ 1)?

Cr+C"—Cl - C*=2(a+1)*(g-k)*(G - k)* + 3

(g-k)*

ot - 1)(e- 1076+ D (g 102~ a0+ (- (G (G ). (99

we obtain through the integration of the resulting equation that the coefficient a, has the
form

16(1 — a)(1 — 2a?)
81 — 17a+ 30a%(1 — a)’

We may infer from the above equation that the coefficient a, vanishes for elastic collisions
where a = 1.
From the knowledge of the coefficient as, the distribution function (91) is written as

(96)

A9 —

16(1 — ) (1 — 202) s sc?)| . (97)

0) — 1
f7 = fu TRl —Ta+30a2(1—a)
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Figure 2: Left frame: dimensionless distribution function 73/2 f©) /n33/2 as a function of
r = BC? for a = 1 and 0.8. Right frame: cooling rate ((*)/nd* versus the temperature
and the normal restitution coefficient.

If we substitute the distribution function (97) into the expression for the cooling rate
(85) and integrate the resulting equation we get that

0 _ 4 o M_T{ 3(1—a)(1—2a2)
(V= gnd (1 —af)y /= M S et 30e2(l—a)] (%8)

In the left frame of Figure 2 it is represented the dimensionless distribution function
732 f0) /nB3/2 as a function of 2 = BC? and a. We may infer from this figure that the
peak of the curve decreases by decreasing the normal restitution coefficient. In the right
frame of the Figure 2 it is plotted the cooling rate ¢(¥ /nd* versus the temperature and
the normal restitution coefficient. We note that the cooling rate increases by decreasing
the normal restitution coefficient and by increasing the temperature. Furthermore, the
cooling rate is zero when o = 1, i.e., for elastic collisions of the molecules.

The determination of the second approximation to the distribution function f® from
the integral equation (88) is more involved and the details of such kind of calculation will
not be given here. From this integral equation we may conclude that f1) is a function
of the thermodynamic forces: deviator of the velocity gradient dv(;/dx;), gradient of the
particle number density On/0x; and gradient of temperature 0T /0x;. Hence, we may
write the second approximation f() as

Ovy; Olnn
0) r 2y~ YU (1) (2N
—I—’yZSg (C )C’C]_Ga:j> +735'% (C*HC; e |

|
f(l) = fu vlSél)(C’Q)C"M (99)

’ a.TZ

where 1, 72 and 73 are scalar coefficients that depend on n, T" and «. If we solve the
integral equation (88), we get that the coefficients of the distribution function f®) are
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5 GRAD’S METHOD OF MOMENTS

given by
15 m —15 1 /7m\3
_ : = — =) ,(100
" d?n(9 + 7a)(a+ 1) V 7kT 7 2d*n(13 —a)(a + 1)V 7 <kT> (100)
300(1 — « m
Vs = ) (101)

d*n(9 + 7a) (o + 1)(19 — 3a) V 7kT"

We obtain the constitutive equations for the pressure tensor and heat flux vector
through the substitution of the distribution function (99) into their definitions and by
integrating the resulting equations. Hence, it follows the laws of Navier-Stokes and Fourier

v
pij = /mCiijdC:p(Sij —2pu - ; (102)
(91’j>
m o or dlnn
= P fde = — — 9T . 1
qi / 5 C°C;fdc )\Gsci v o (103)

Above, the coefficients of shear viscosity pu, thermal conductivity A and the one associated
with the gradient of particle number density 9 read

15 mkT 75 k [mkT
no= 3 ) A= — —4/——, (104)
2d°(13 — a)(a + 1) T 2d*(9 4 Ta)(a+1)m s
1— k kT
9 = 750(1 — o) mee (105)

d*n(9 + 7a) (o + 1)(19 — 3a) m\V

We note that the coefficients are proportional to v/T so that they increase by increasing of
the temperature. With respect to the normal restitution coefficient o, we may infer that
the coefficients also increase by decreasing the values of a. Furthermore, by considering
elastic collisions where a = 1 the coefficients of shear viscosity and thermal conductivity
reduce to the first approximations (73); 2, while the coefficient ¥ vanishes.

5 Grad’s Method of Moments

Let us consider a thirteen scalar field description of a rarefied gas within Grad’s moment
method. In this case the fields are the mass density o(x,t), the hydrodynamic velocity
v;(x,t), the pressure tensor p;;(x,t) and the heat flux vector ¢;(x,t) and their balance
equations read

00 0ov;
ot =0 106
dov; 0 (Qvﬂ)j + pij)

— 5, 0 107
at 8xj ’ ( )
Opij 0 (pijk + Pijur) ov; ov;
ot g TPy = Dy, 108
ot oy, T Pk Oy T Pkj N J (108)
9qi 9 (g5 + qiv; v, v i Opk; 1 pr Opij

! M Pz’jkﬂ +gj o DufPy PPy Q;-  (109)
ot Oz, oxy, 0z o Or; 2 p Ox;
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5 GRAD’S METHOD OF MOMENTS

We note that the two first equations above represent the balance equations of mass density
(11) and moment density (12), while the balance equation for the pressure tensor (108)
was obtained from (14) by taking N = 2. The balance equation for the heat flux vector
(109) follows from (14) by taking N = 3, contracting two indices and dividing the resulting
equation by 2. Moreover, we have introduced the following definitions in (108) and (109):

DPijk = /mC’ZC’jC’kfdc, ]Dz'j = /m (C{OJI — OZOJ) ffldF, (110)
Gij = /%CZCiijdc, Qi :/% (C?C) — C*C;) [ frdl. (111)

The tensors p;;r and ¢;; represent non-convective fluxes for the pressure tensor and heat
flux vector, respectively, while P;; and @); refer to their production terms. In the above
equations we have introduced the abbreviation dI' = ¢ bdb de dcdc.

If we analyze the system of partial differential equations (106) — (109) we may infer
that it cannot be considered a system of field equations for the basic fields g, v;, p;; and
¢;- In fact, to obtain a closed system of differential equations, the non-convective fluxes
Dijk, ¢; and the production terms F;;, @); must be expressed in terms of the basic fields,
and for this end we must express the distribution function in terms of the thirteen scalar
fields o, v;, pi; and g;.

In Grad’s moment method the distribution function is expanded in series of tensorial
Hermite polynomials H; (N =0,1,2,...) as follows

192... 0N

1 1
f=ro (aH +a,H; + gainij +-- 4+ mailz‘z...mHm...z‘N +.. ) ; (112)

where a;,4, i (N = 0,1,2,...) are tensorial coefficients that depend on x and t. Fur-
thermore, the Maxwellian distribution function f© is written as

3 3
I R A LA
f n(ﬂ) e n(kT) w(§), (113)
where w(&) is the weight function:
1 i m
WO = Gare vt GG (114)

On the basis of the weight function, the tensorial Hermite polynomials are written as

_ (=N oNw

H’i i2...’iN = Y 115
! (S) w 8{118&2 . 8§1N ( )
being orthogonal with respect to w(&), i.e.,

/W(E)Hmz...m (&) Hjrjo..jrs (§)dE = SN Diyjringo.inin- (116)

In the above equation, A;, j isj,...injn T€PTEsents the sum Ay ivis inin
(all permutations of the j's indices) and dy;y is Kronecker’s symbol.

- 5i1j1 6i2j2 s 5iNjN+
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5 GRAD’S METHOD OF MOMENTS

From (115) we can obtain the first four tensorial Hermite polynomials, namely,
H(€) =1, Hi(f) =&, Hij(£> = fzfj - 5@3'7 (117)
Hiji(€) = &5k — (&idjr + &0k + i) (118)

In terms of the tensorial Hermite polynomials we can write the thirteen moments of
the distribution function as

KT ? KT 2
g:/m(ﬁ) fHIE, Oz/m(E) fH;dE, (119)

T = 3%@ m (%T) " + 3H)E, (120)
5 3

We recall that the temperature is given by T' = 2mp,,./3ko.

The coefficients a;,;,. i, that appear in the distribution function (112) are determined
from the definition of the moments of the distribution function. Furthermore, for a thirteen
moment theory the distribution function (112) is written as

1 1
f= f(o) (CLH +a;H; + §ainij + TOarriHssi) ) (122)
where a, a;, a;; and a,,; represent thirteen scalar coefficients to be determined. We note
that the term %aiijijk was decomposed according to

é k) + é (@rpiGji 4 QrpjOi + arrkfsij):| Hij = %a@mf‘]z‘jk + lioarriHssi, (123)
and the part associated with the third order tensor %a@j@Hljk was not taken into account.

If we insert now the distribution function (122) into the definitions of the moments
(119) — (121), integrate the resulting equations and use the orthogonality properties of
the tensorial Hermite polynomials (116), we obtain that

=1 i:Oa 7’7’:07 ij) — y rri — Al T 124
a , a a aij) ) a ) v/ T (124)

Hence, the distribution function for the thirteen moments (with § = m/2kT') becomes

f=r9 {1 + 2—? |:p<ij)cicj + %%’Ci (502 - g)} } 5 (125)

which is the so-called Grad’s distribution function.
In order to determine the non-convective fluxes p;j; and g¢;; we insert Grad’s distribu-

tion function (125) into the definitions (110); and (111); and obtain by integrating the
resulting equations:

5p? p
= 2—0% + 5 Py (126)

2
pijk = = (¢i0jk + @0k + @0ij) . i %0

5
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5 GRAD’S METHOD OF MOMENTS

For the calculation of the production terms P;; and @); we change the integration
variables (c,c;) — (g, G) so that in these new variables (110), and (111)s become

mrl
Py = / b [5 (9;9;' - gigj) -G (9; - gj) - G; (g; — gz)} f hdL, (127)
m |1 oy 1 2 1 2 / /
Qi = B §Gr (9,9; — 9r9:) — 5 G + 19 (9; — 9:) — GiGr (9, — gr) | [ rdD', (128)
where the product of Grad’s distribution functions in a linearized theory reads
3 2
_ 8 4 1
ffh = n (g) e <2ﬁ02+292){1 + %p(kw {Gsz + Zlgkgl} (129)
832 5
+ To q; [QGJ' <5G2 + 192 - 5) + ﬁngkgk] } (130)

The integration of (127) and (128), yields

) _ 24 S
Po=="0 Q=g v meg i aroear (8D

represents the relaxation time of the pressure deviator.

Once we know the constitutive equations for the non-convective fluxes (126) and pro-
duction terms (131) as functions of the thirteen basic fields o, v;, p;; and g;, a system of
linearized thirteen scalar field equations can be obtained from (106) — (109), namely

81}@'

Do + 05~ =0 (132)
obu + gﬁ - %p—ﬁf =0, (133)
gnkDT + gz +p§—Z +p<ij>§—z —0, (134)
Drgiy + %35; +2 g;};) = —%» (135)
Dy + p Opgin) +?8T 2 (136)

0 Oxy, 2mp8xi 3

If we restrict ourselves to a five field theory described by the fields of mass density,
momentum density and temperature, the corresponding balance equations are given by
(132), (133) and (134). In this case the pressure deviator and the heat flux vector are no
longer variables, just constitutive quantities. We may use the remaining eight equations
(135) and (136) in order to obtain the constitutive equations for the pressure deviator
and for the heat flux vector, by considering only the equilibrium values of the pressure
deviator p(;, = 0 and of the heat flux vector ¢; = 0 on the left-hand sides of (135) and
(136). Hence, only the underlined terms remain, and we obtain

Ovy 5 mkT 1
Paj) = _2M8xj>’ where pu = pr. = EV T Q@2 (137)
or 15k 75k [mkT 1
©= Ay Ve A = = G\ Ty oea (199
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Equations (137) and (138) represent the laws of Navier-Stokes and Fourier, respectively,
and the coefficients of shear viscosity p and thermal conductivity A correspond to the first
approximation to these coefficients found by applying the Chapman-Enskog method (see

(68)).

6 Chapman-Enskog-Grad Combined Method

We describe now another method to obtain the constitutive equations for the pressure
deviator and for the heat flux vector which combines the features of Chapman-Enskog
and Grad’s methods. In this method neither a solution of the integral equation is needed
— as in the Chapman-Enskog method — nor the field equations for the moments of the
distribution function are used — as in Grad’s method.

To begin with we observe that in the representation f = f(©(14¢) the deviation of the
Maxwellian distribution function ¢ in the Chapman-Enskog method — which is a unknown
quantity — can be written in terms of known quantities. These known quantities can be
chosen as the thirteen scalar fields of mass density, hydrodynamic velocity, temperature,
pressure deviator and heat flux vector which appear in Grad’s distribution function (125),

namely,
2B2 4 5
¢ = { i) CiCy + gCIiCi (502 - 5)} : (139)
In the framework of the Chapman—Enskog—Grad combined method we insert the rep-
resentation (139) into the non-homogeneous integral equation of the Chapman-Enskog
method (34), so that it becomes an equation for the determination of the pressure devia-
tor pg;) and of the heat flux vector ¢;. This equation reads

oT dv 23
1o {3 (s = 5) g 200G ) = 2 Tk
Ty Ty 0

el e o

For the determination of the pressure deviator, we multiply (140) by C;C}y and inte-
grate the resulting equation over all values of ¢, yielding

82” 2 2

m Oz

To solve the above equation for the pressure deviator p(y), we introduce the integral
Liji = /CiCjI[OkCl]dC = A10;;0p + A2(0ikdj1 + 6udjk), (142)

which was written in terms of Kronecker’s symbol with coefficients A; and As. If we
contract the integral I, in two different manners, namely, I,,.s = 9A4; + 642 and I,4.5 =
3A1 + 12A5 we get that

3]7‘57’5 - ]7”7"55
S L LAELLL W (143)

Lijym E
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We use now the relationship (143) to write (141) as

p Ovy  2p3? / 28% 00)
o P 9V _ CCoT[ClyColde = —22— 300, 144
mozy 5o 5o L) O TICrCylde 50 B b (144)

where (0 is given by (65). Hence, it follows from (144) Navier-Stokes’ law

Ovy; 5 mkT 1
iy = —2 , h — ) — =, 145
p( 7) Ma$j> where M= 16 Q(2,2) ( )

is the coefficient of shear viscosity.
We determine the heat flux vector by following the same methodology. We multiply
(140) by C%C; and the integrate of the resulting equation over all values of ¢, resulting

kp OT _ 85° 2 2D _ 88 un

thanks to the following relationship

'[7"!'
Hence, Fourier’s law follows from (146)

or Sk [mET 1
axi, where A= 6_4E TW, (148)

¢ =—A

is the coefficient of thermal conductivity. Above, we have used the relationship ot =
B9 which was obtained in the Chapman-Enskog method.

We can extended this method to obtain the successive approximations to the transport
coefficients, by introducing traceless second order tensors pg *)and vectors ql ) defined by

(5) - (28)” (S (5) - 15(28)!! (5) .

where pg% = pj) Tepresents the pressure deviator and qi(o) = ¢; the heat flux vector,

while the the higher-order moments pgfj)(s > 0) and ¢”(s > 1) do not have standard

designations.
For the moments of the distribution function characterized by o, v;, T, pg and ql
the distribution function reads

f=goly 2 §ij<5>0 ), = 8 f:s@o ) (150)
= 0 H (i“NP i) 50 3 id; )
s=0 s=0

so that (140) becomes

1 oT v 23% &
O _ (s) (s)
f { TS Cka —1—255 CkClal'l } 0 — p<kl>I[S% CkC’l]
862 = () 7 [ ()
- ES:O:Qk T [S% Ck]. (151)
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7 FOURTEEN MOMENT THEORY FOR GRANULAR GASES

The multiplication of (151) by ﬁS(;)C’@Cj) and integration of the resulting equation
2
leads to

5 0 & s0m) ovg

_z _ (r,8),,(s)

2 m33 O jy - Z/B Py (152)
If we solve the above equation for the pressure deviator p;; it follows the Navier-Stokes
law

6'0@'

5 ¢° ~11(0,0)
pujy = —2[ul,, I where [ul, = I (67 (153)
J

is the coefficient of shear viscosity in the p™ successive approximation. In (153), (5*1)(0’0)
represents the first row and first column of the inverse of the p x p matrix 5.

If we multiply (151) by ﬁSS)C’i and integrate the resulting equation we get
2

75n%k >
_Brk san 9T 154
16 B a Z; (154)

which can be solved for the heat flux vector ¢;, yielding Fourier’s law:

aT _ 75@ —1)(171)

% =—1[A, B where [Al, = 5 (c (155)

The coefficient of thermal conductivity [A] , in the ph successive approximation is given

in terms of the element (ofl)(l’l) of the inverse matrix.

The successive approximations of the transport coefficients of shear viscosity (153)s
and thermal conductivity (155), are the same as those which follow from the Chapman-
Enskog method.

7 Fourteen Moment Theory for Granular (Gases

We may characterize a macroscopic state of the granular gas by the fourteen fields of mass
density o, hydrodynamic velocity v;, pressure tensor p;;, heat flux vector ¢; and contracted
fourth moment p;;;; which are defined by

0= /mf dc, ov; = /mcifdc, pij = /mCiijdc, (156)
m o 4

The balance equations for the fourteen fields are obtained from the Boltzmann equation
(78) by multiplying it successively by m, mc;, mC;C;, mC?C;/2 and mC* and integrating
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the resulting equations. Hence, it follows

% 86@;; 0, (158)
05211 + %(QUM +pij) =0, (159)
0(;” + 88 (Pijr + DijVr) +pm§v + Pry g;)i = Py, (160)
%Cf + aa (i + giv5) +pzyk§ +4 g;}j pgi %Z;Ij - %%gﬁ = Q. (161)
% + 88 (Piijjk + Piijiv5) + 8qik gv; Z% g];z: =P (162)

In the above equations the new moments of the distribution function are defined by
pijk = /mC’ZC]C’kfdc, Qij = /%C’QC’iC’jfdc, piijjk = /mC’4C’kfdc, (163)

where g;; = pi;jj/2. Furthermore, the production terms read

]. / /
P = 3 /m (CZ-I C’} + C’{C; — C,-IC']1 — CiCj> fif & (g - k) dk dc, de, (164)
L [m 12 1 12 1 2 1 2 2
- %/ m (Cf +C" = Cf = C*) fif d* (g - k) dk de, de. (166)

We can decompose the balance equation for the pressure tensor (160) in its trace and
traceless parts by introducing the traceless tensors p;;, and p;xy defined by

2
— (@idjk + qj0ik + qudij) (167)

Pij = Pij) + i, Pijk = Pjk) t 5

where p = nkT is the hydrostatic pressure. Hence, we obtain from (160) the equations:

a_T+U.a_T+_2 aqi_|_ Ovi + v

ot 0w | 3nk \Oz; | Loz | P ag,
Opj) 0 v, ov; 2 ov,

2 (pu; . ] N L B

o o (k) + Prigyor) P o P g~ Pl g0

4 aq<¢ 8U<,~

Bt ARSI, Yot Ul

) +T¢ =0, (168)

Equation (168) is the balance equation for the temperature with ¢ denoting the cooling
rate (81), while (169) is the balance equation for the pressure deviator.
We represent the non-equilibrium distribution function for the fourteen moments as

f = fM (a + CLZ'CZ' —+ (IUC@'CJ' —+ szZCZ + bC4) , (170)

where the fourteen coefficients a, a;, a;;, b; and b do not depend on the peculiar velocity.
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At equilibrium the contracted fourth moment reads

KT\
p) = /mc4fM de = 159( ) : (171)

m

and it is convenient to introduce a dimensionless non-equilibrium part of p;;;;, denoted by
A and defined by

8= (g7) o= o] = 15, () [ mC*¢ = faae. a2

The fourteen coefficients a, a;, a;;, b;, b are determined from the definition of the basic
fields (156), (157) and (172) together with the non-equilibrium distribution function (170),
yielding

- 25 8% , 5\ (15 58C* B!
f—fM{1+?p(ij>CiCj+5_Q%Ci pC Y R S Ap. (173)

We can now determine the constitutive equations for the moments of the distribution
function by inserting (173) into the expressions (163) and subsequent integration of the
resulting equations. Hence, it follows

kT 5 (kT TkT
Pujky = 0, Diijjk = QSE%’ %ij = 50 (E) (14 A] 05 + 3 Plis)- (174)
The constitutive equations for the cooling rate ¢ and for the production terms P, Q;, P
are obtained in the same manner and it follows from (81), (164), (165) and (166) through
integration that

1 [T 3A 1 [T
= —/=(1-a)|1+= Puy = ——1/=(1 — a)pg; 1
Q= —— Z(1+oé)[49—3304] : (176)
600V T &

o (KT\° e T 3002(1 — @) 4 271 — 207a A
P=-2(=) (1-a*(2 —1 —

T(m) (1 a*)(20® +9)y /7 e 101 _a) 16 (177)

We have introduced in the above equations a mean free time in terms of a reference
temperature Tj, namely, 7 = ﬁTO /4nd?. Furthermore, we have considered in the above

expressions only linear terms in A. For the elastic case a = 1 and the production terms
(175) — (177) reduce to

4 [T 8 [T 8o (KT\*> [T
=0, Pujy=——1\=pup, Qi=—-——1/7q P=-—[-— —A. (178
C ’ (@) 5T T0p<]> Q 157 Toq T (m) To ( )

From the knowledge of the constitutive equations in terms of the basic fields, we get
— by inserting (174) — (177) into the balance equations (158), (159), (161), (162), (168)
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and (169) — the following linearized system of fourteen field equations for o, vi, T', iy,
q; and A:

81}1 8p (9p<ij>

Do+ gamé =0, oDy + 5o+ oz, = 0, (179)
DT+3nik (ggiergZ) +317\/%(1—@2) {1+%} =0, (180)
Dpyijy + %gjﬁ; 2192;}](1 = —5% %(1 +@)(3 — a)puj), (181)
A

= —& Tzo(l + ) [49 — 33¢] g;, (182)
150 (%)2DA + 8/{%2_;]; = g (%)2 (1+ a)\/TTO{(l —20%)(1 - a)

— [81 = 17a 4 30a*(1 — a)] 1A—6} (183)

In (183) we have used (179) and (180) in order to eliminate the time derivatives of p and
T and neglected products of A.

Now we search for spatially homogeneous solutions of the fourteen field equations
where the fields depend only on time. The field equations (179) — (183) in this case read

d dv;
dtg —0, d: —0, (184)
3

dT. T2 3A

- “1-a®) |1+ —=]| = 1
e+ - 143 o (185)
dpi,; 1 3 —

ry __(teGo) g -
dqf (1+a)
bk S VT, 49 — 1
dA B 1+«

dt, 15

VT, {(1 —20%)(1 —a) — [81 — 17a + 30a2(1 — a)]%} . (188)

Above, the following dimensionless quantities were introduced: time ¢, = t/7, temperature
T. = T/T,, pressure deviator pz‘i i and heat flux vector g¢;.

We may infer from (184) that the mass density and the velocity fields remain constant
in time, while (185) — (188) compose a system of coupled differential equations for the
determination of the temperature 7, pressure deviator p’{iﬁ, heat flux vector ¢ and
fourth moment A. Since this system of equations is non-linear, it was solved numerically
by considering the initial conditions 7,(0) = 1, pz‘m(O) =1,¢(0) =1and A(0) = 1. The
left frame of Figure 3 shows the time decay of the temperature (solid line) in comparison
with Haff’s law (dashed line) which is the solution of (185) when A = constant (see (190)
below). We may conclude that the temperature decay 7T follows closely Haff’s law and by
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increasing the restitution coefficient the time decay of the temperature is less accentuated.
Furthermore, from the right frame of the Figure 3 we may observe that the pressure
deviator, the heat flux vector and the dimensionless fourth moment decay also with time
and the trend to equilibrium is more pronounced for the pressure deviator followed by
the heat flux vector and the dimensionless fourth moment. The curves in the right frame
were obtained for the restitution coefficient a = 0.75. By increasing the value of the
restitution coefficient the time decay of the pressure deviator and dimensionless fourth
moment are more accentuated but the one of the heat flux vector is less pronounced, since
it is connected with the transport of energy which is directly affected by the inelasticity.

1 ‘ 1 ‘
—T.() 1 YG)
0.8 -- Haff' slaw u 0.8 : . ptij>(t) i
0.6+ . 0.6*“\_ i
L \\\ L ‘.‘
LN 0=0.95 _ LA B
o \ 047\ a=075
| N \',
N\ \ v
02 1 02 A\ ]
0=0.75 RN
oLb— 1 . oL SSNTea, ‘
0 10 20 30 40 50 0 5 10 15 20

Figure 3: Left frame: time decay of the temperature. Right frame: time decay of the
pressure deviator, heat flux vector and fourth moment.

From the analysis of the differential equations (186) we note that the pressure deviator
and the heat flux vector do not evolve with respect to time when the initial conditions for
these fields vanish. However, a vanishing initial condition for A implies from (188) that it
could evolve with time. An interesting case is the one where the fourth moment remains
constant in time and which is expressed by the condition that the right-hand side of (188)
must vanish, i.e.,

o 16(l—-a)(1—-2a%)
© 300%(1 —a) +81 —17a

The above expression for A is the same as that found for the coefficient ay which follows
from the Chapman-Enskog method (see (96)). We note that A vanishes in the elastic case
where a = 1.

If we substitute the expression of A given by (189) into (186) and the integrate the
resulting equation, we get Haff’s law

as. (189)

() = ! | (190)

2
(1—a?) 3(1—a)(1—2a2)
{1 + 5 [1 + 81—17a+30a2(1—a)] t*}

By considering the elastic case a = 1, the temperature T, remains constant in time
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and
* * -4 * Uk * * -£ * bk
Diij) (t) = p(ij)(o)e VT ) g (t) = q; (0)e 15V 5 (191)

i.e, both decay exponentially with time, which is a well known result.

In the case of a five field theory described by the fields of mass density, velocity
and temperature, the pressure deviator and the heat flux vector are no longer fields but
constitutive quantities. The constitutive equations for these quantities are obtained from
the eight remaining field equations (181) and (182) by inserting the equilibrium values
pajy = 0 and ¢; = 0 on the left-hand side of these equations, yielding the laws of Navier-

Stokes and Fourier
Ovy; .__/\GT_ﬁﬁn
Oy’ T 0 oy

respectively. The transport coefficients of shear viscosity u, thermal conductivity A and
the coefficient ¢ are given by

5 [mkT 1 Tk [mkT 1 163
=V 7 TraB—a) “oPmV 7 (1+a)49 —33a)
_ _ 2
9 — 75kT  [mkT 16(1 — a)(1 — 2a°) (194)

T ond®>m Vo m (14 @)(49 — 33a)[3002(1 — @) + 81 — 17a]’

We note that if we consider a thirteen moment theory the heat flux vector is proportional
only to the temperature gradient and the dependence on the particle number gradient
does not show up. This fact can be understood by observing that this dependence comes
out from the underlined term in (182) which depends exclusively on the dimensionless
fourth moment. Furthermore, the transport coefficients (193) and (194) are not the same
as those obtained from the Chapman-Enskog method (104) and (105), and it seems that
the equivalence of the two methods can be attained if we consider more moments of the
distribution function in Grad’s moment method.
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